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During the development and design of the X-33 reusable launch vehicle, loads and control analyses had been
done using propulsive and aerodynamic loads derived from such sources as computational � uid dynamics and
wind-tunnel models of a rigid vehicle. Required control forces and moments were determined using rigid vehicle
trajectory analyses, and the detailed control load distributions were determined for achieving the required control
forces and moments, again using rigid vehicle analyses. However, static aeroelastic effects on load distributions
were not being considered. The objective of the work reported here was the development of models and solutions
for including static aeroelasticity in the calculation of X-33 loads and in the determination of stability and control
derivatives. The theory underlying the NASTRAN solutions is presented, and some of the results for the stability
and control derivatives are discussed.

Nomenclature
A¡1 = aeroelastic de� ection ampli� cation matrix
a f = free-body � exibility matrix
ares = restrained structure � exibility matrix
B = aeroelastic load ampli� cation matrix
F = resultant loads vectors (three forces and three moments)
G = aeroelastic splining coef� cient matrix
g = acceleration of gravity
I = identity matrix
K = structural stiffness matrix
M = � nite element model mass matrix
Mr = body six-degree-of-freedommass/inertia matrix
P = � nite element nodal load vector
p = body axis roll rate (about body x axis)
Q = generalized aerodynamic force coef� cient matrix
q = body axis pitch rate (about body y axis)
Nq = dynamic pressure
R = inertia relief matrix
r = body axis yaw rate (about body z axis)
V = speed
v = vector of the six body rates (linear and angular velocity

components)
vt = vector of aerodynamic trim variables
® = angle of attack
¯ = sideslip angle
± = � nite element model node de� ection vector
±c = control de� ections
µ = pitch Euler angle
8r = rigid-body mode shape matrix
Á = bank (or roll) Euler angle
! = angular velocity vector

Introduction

D URING World War II, it was found that some aircraft suffered
reduced ability to execute banking maneuvers if the � ight dy-

namic pressures were too high.1 In some cases, the aircraft might
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actually bank in the direction opposite to what was intended. This
maneuvering phenomenon is called aileron reversal and is a static
aeroelastic effect. When aileron reversal occurs, the wing twist in-
duced by aerodynamic loads resulting from the de� ection of an
aileron is suf� cient to cause a net change in the overall rolling mo-
ment that offsets the rolling moment produced by the aileron itself.
Aileron reversal is an extreme example of what is known generally
as control effectiveness.

Although aeroelastic control effectiveness is traditionally an air-
craft problem, reusable launch vehicles (RLVs) tend to sport sizable
lifting surfaceswith mounted aerodynamiccontrol surfaceslike air-
craft.Further,duringthe returnandapproachto thelandingsite,RLV
operation is identical to that of aircraft. These considerationsmake
aeroelastic effects on stability and control derivatives an important
issue in simulations,analysis, and design for both maneuveringand
structural loads. Expendable launch vehicles are typically slender
cylinders.Aeroelastic effects are included in the design and day-of-
launch analyses for loads and steering of these vehicles and have
been shown to in� uence internal structural loads2 as the � exible
launch vehicle respondsdynamically to externalaerodynamicloads
as well as to vectored thrust and the inertial effects of swiveling
of massive gimbaled rocket engines as the vehicle is steered. How-
ever, static aeroelasticproblemssuch as controleffectivenessare not
characteristicof the typical rocket for which aeroelasticeffects may
alter the required control forces but not so much the attainable con-
trol forces. Aerodynamic loads data for static aeroelastic analyses
of expendable launch vehicles generally come from experimental
sources.3 Aeroelasticanalyses of aircraft generallymake use of lift-
ing surface methods such as the doublet lattice method.4 Because
aeroelasticmodelingandanalysisusing liftingsurfacemethodshave
not historically � gured prominently in launch vehicle development,
this paper will present some of the underlying theory and issues in
the aeroelasticmodeling of the RLV con� guration and some results
of static aeroelastic analyses.

Background
During the development and design of the X-33 (Fig. 1) RLV,

loads and control analyses had been done at NASA Marshall Space
Flight Center (MSFC) using propulsive and aerodynamic loads de-
rived fromsuch sourcesas computational� uid dynamics (CFD) and
wind-tunnel models of a rigid vehicle. Required control forces and
moments were determined using a rigid vehicle trajectory analy-
ses, and the detailed control load distributionswere determined for
achievingthe requiredcontrol forcesandmoments, againusingrigid
vehicle analyses.Previous to the presentwork, these data were used
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in loads and stress analyses using NASTRAN’s static analysis with
inertia relief solution sequence (SOL 101). However, static aeroe-
lastic effects on load distributions were not being considered. For
the purposes of the present work, Hancock’s5 discussion of static
aeroelasticitywill serve:

To clarify these concepts one should return to the fundamental
problem, namely, the problem of an aircraft in � ight. Such an
aircraft will either be in a steady manoeuver (i.e. trimmed level
� ight, steady circling � ight, steady glide, steady climb) or in a con-
trolled transient period from one steady state to another (i.e. during
the response to control): : : . Static aeroelasticity is now de� ned
as the domain of aeroelasticity incorporated into the calculations
of the equilibrium of an aircraft in a steady manoeuver: : : . [T]he
further reduction of dynamic aeroelasticity into aeroelastic effects
on the long period oscillation, short period oscillation and � utter
will depend on whether or not the orders of frequencies in these
problems are distinct.

Essentially, vibratory or structural dynamic effects as well as as-
sociated unsteady aerodynamic effects are ignored in static aero-
elastic problems, and loads are treated as being independent of
time. Also included in this category are assessments of aero-
elastic effects on the initiation of transient maneuvers.6 From the
standpointof dynamic responseanalysismethods, static aeroelastic
analysis results constitute a large part of the pseudostatic response
term of the mode acceleration method,7;8 instantaneous unsteady
pressure perturbationsbeing ignored.

Static aeroelasticeffects will generally redistributeexternal aero-
dynamic loads, thereby affecting both the internal structural loads
and the forces and moments generated by aerodynamiccontrol sur-
faces. For an unrestrained vehicle, the external load redistribution
also changes the inertial loads associated with the instantaneous
accelerations of the vehicle. Thus structural sizes as well as ma-
neuvering requirements can be altered by consideration of static
aeroelastic effects.

The objective of the work, some of the results of which are re-
ported in this paper, was the development of models and solutions
for including static aeroelasticity in the calculation of X-33 loads
and in the determinationof stabilityandcontrolderivatives.Because
the structural loads analyses of the X-33 vehicle were being done
in NASTRAN, it was decided that the aeroelastic models and anal-
yses would be done using the NASTRAN aeroelastic supplement’s
static aeroelasticity6 solution sequence (SOL 144). Essentially, the
method to be used is to treat SOL 144 solutions as incremental
changes to those represented by the rigid loads and control force
solutions.Load distributionsdetermined by these rigid analyses are
applied to the model in the aeroelastic solution as external initial
load sets. Hence the de� ections caused by these loads are accounted
for aeroelastically.Alone, the aeroelastic load redistributionwould
bring the vehicle out of the rigid vehicle � ight condition.However,
changes in the trim variables (angle of attack, sideslip, control de-
� ections, etc.) required to maintain the desired � ight condition can
be determined from the aeroelastic solution. Values of stability and
control derivatives for the rigid and � exible vehicles are also pro-
duced by SOL 144. A second result of the static aeroelasticsolution
is internal loads/stress recovery. In fact, the latter part of SOL 144
is essentially identical to SOL 101.

Computational Models
The pertinent models are the structural � nite element model

(FEM) and the aeroelastic model. CFD models were developed at
MSFC and used in earlier rigid vehicle loads calculations in work
preceding the present work. There are no documents for the CFD
analyses in the open literature, and detailed discussion of them is
not within the scope of this paper.

Structural Finite Element Model
The X-33 FEM used for loads analysis is shown in Fig. 2. It is

composed of more than 22,000 nodes and more than 33,000 beam,
rod, and shell elements. The NASTRAN model was built by sev-
eral X-33 partners, which are mentioned in the Acknowledgments.
The models were integrated at MSFC, including the incorporation

Fig. 1 RLV technology demonstrator con� guration.

Fig. 2 Cycle 3 � nite el-
ement loads model and
axes.

of mass characteristics.Aerodynamic and propulsive loads for the
model were determined by examining the results of three-degree-
of-freedom (DOF) and six-DOF trajectory control simulations for
maximum loading events during ascent and re-entry. From these,
time-consistent load conditions were determined. Trajectory dis-
persions were estimated by increasing or reducing angles of attack
or sideslip. CFD analyses were performed for the load conditions,
including dispersions to determine the external aerodynamic pres-
sures. The CFD-derived external pressures were interpolated onto
theFEM shellelementsof theaeroshellandaerosurfacesusingtrilin-
ear interpolation.The pressure and propulsive loads do not include
all control forces, and so the accelerationsand body rates would not
match those from thecorrespondingsimulations.Therefore,the load
conditionswere split into two sets: those without any control forces
and thosewith controlforces.To match simulationloads, thecontrol
forces of thrust vectoring and aerodynamic control surface de� ec-
tions were used. Using inertia relief analysis in combination with
the CFD external pressures, control forces, and propulsive loads, a
set of internal loads can be determined for structural sizing. These
analyses did not, however, include aeroelastic effects.

Aeroelastic Model
The type of aeroelastic modeling and analysis, based on lifting

surface theory,undertakenin the presentwork is typical for aircraft6

but is not typical for traditional launch vehicles.2;3 Therefore it is
assumed in this paper that many readersare not familiarwith current
methods of aircraft aeroelasticmodeling and analysis.Accordingly,
some aspects of lifting surface aeroelastic modeling are discussed,
though they would be quite familiar to aeroelasticians in the aero-
nautical community.

The current state-of-the-art aerodynamic theories for practical
aeroelastic analysis incorporated in NASTRAN are the lifting sur-
face theories such as the doublet lattice method for subsonic � ow
and the ZONA code for supersonic � ow, both based in acceleration
potentialtheory.4;9¡11 The liftingsurfacesare representedas thinsur-
faces, parallel to the reference freestream, and are discretized into
box elements on which the tangential � ow conditions are imposed
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a) Oblique view

b) Longitudinal view

c) Planform view

d) Side view

Fig. 3 Lifting surface aeroelastic model.

and pressures are calculated. Figure 3 shows the linear lifting sur-
face aerodynamic model used for the aeroelastic calculations in an
oblique view and three orthographicviews.

The pressures are determined as lifting pressures, the difference
between lower and upper surface pressures. Separate lower and up-
per surfacepressuresare not determinedexplicitlyin thesemethods.
Because deformationsof � ight vehiclesare generallysmall changes
from the initial rigid shape, the use of a linear aerodynamic theory
for calculating � exible increments to loads is acceptable. Usually,
only the de� ections of the tips of large span wings, such as seen on
large transport aircraft, are visible to the naked eye. Even then the
deformationsare not excessiveunder normal conditionswhen com-
paredwith the size of the vehicles.As long as the analyst remembers
that the resultsof such analysesare to be consideredas perturbations
from a reference condition, useful information can be obtained.

Flight vehicles generally do not have all bodies and lifting sur-
faces perfectlyalignedto the � ow at the same time. Wings generally
have root incidence, aerodynamic twist, and net camber built into
them. However, in the lifting surface theories, initial cambering and
aerodynamic twist cannot be represented except in that an initial
shape may be submitted to a modal-basedanalysis as a mode shape
or as an initial downwash distribution—provided it can be char-
acterized in the � rst place. Alternatively, the aerodynamic loads
resulting from such initial shapescan be determinedby other means
(such as CFD). Also, inboard and outboard edges of aerodynamic
discretization elements (panels and boxes) must be parallel to the
reference freestream. This constraint often requires, quite literally,
cutting corners when modeling planforms with edges that do not
conform to this limitation.The problem can be mitigated somewhat
by the freedom to sweep leading and trailing edges of the aerody-
namic elements. Careful modeling can permit most swept edges to
be modeled correctly.

Most aircraft are composed of thin lifting surfaces attached to
slender bodies such as fuselages, engines nacelles, and external
stores. Although the X-33 does have several thin lifting surfaces,
the fuselage is a not-so-slenderlifting body. Although the thickness
in the z direction might still be an acceptable slender body shape,
the x –z planform is a triangular wedge fanning out aft and is in no
way slender. The subsonic doublet lattice method employs slender
body theory and the method of images for representing forces on
bodies as well as interference effects, but the bodies must be slen-
der. Not-so-slenderbodies are usually representedas � at plateswith
identical planforms.

Because aeroelastic effects on stability and control derivatives
are sought, the mean locations of lifting surfaces and aerodynamic
control surfaces for this model were preservedwith some � delity so
thatmoment armswith respectto thevehicle’s centerof gravity(c.g.)
were correct.Also, the end plate effect at the roots of liftingsurfaces
has to be preserved.Accordingly, the aft body surface in the present

model is located above the actual mean location to allow proper
positioning of the vertical � ns and rudders. Some small amount of
paneling is then used to connect the body to the two large canted
� ns. The forebody is modeled separately so that its panels could
be centered along the body axis. The forebody, the aft body (with
the vertical � ns and body � aps), and the canted � ns are assumed to
be noninterfering with respect to one another. It is only necessary
to account for interference between different parts of a model if
they are close enough to aerodynamically interfere or if one is in
the wake of the other.6 Because the canted � ns are far removed
from the body, this assumption is legitimate provided end plating
at the roots of the canted � ns is represented.However, the aft body
is in the wake, so to speak, of the forebody. But it is desirable to
center as much of the body as possible to distribute surface area
to capture both longitudinaland lateral aerodynamic loading,while
at the same time placing the vertical � ns at their proper locations.
With the forebody at a location so different from that of the aft
body, interferenceeffectswould not be representedcorrectly.Hence
the noninterferenceassumptionswere made. Fortunately,assuming
noninterferenceallows some reduction in computational resources.

The fundamentalcharacteristicof aeroelasticmodeling and anal-
ysis is that de� ection information from the structural model needs
to be transferred to the aerodynamicmodel as changed � ow bound-
ary conditionsand that pressuresfrom the aerodynamiccalculations
need to be transferred to the structural model as applied loads. The
techniqueused in NASTRAN is spliningthe nodalde� ections to the
aerodynamic boxes. There are two input options for de� ning this
splining.One option is to de� ne a list of structuralnodes the de� ec-
tions of which will be splined. This option is the approach taken in
the present work. The other option is to de� ne a prismatic volume
around a given segment of an aerodynamic panel. Any structural
nodes within this volume are used in the splining of de� ections to
that panel.

Body splining nodes were selected alternately from both the top
and the bottom of the body so that the average de� ections of the
entire body could be captured. Splining nodes for the aerodynamic
surfaces are taken from one side of each surface only. Nodes at the
extreme aft end of the body were not selected because some of the
structure there had not yet been strength sized. The applied loads
caused unrealisticallyhigh de� ections in this region, and to include
them in the aeroelasticspliningwould havebeen inappropriate.Such
behavior of FEM loads models is not unusual, and the aeroelastic
modeler should have a clear idea of where such regions lie so that
they can be avoided.

The canted � ns have upper and lower rudder-vators, similar in
layout to outboard and inboard ailerons of an aircraft. NASTRAN
allows the de� nition of a number of control surfaces that can be
linked. In the present study the right and left upper rudder-vators
were linked to act together like outboard ailerons.The right and left
lower rudder-vatorswere linked to act together like inboardailerons.
The rudders were linked to act in unison, and the body � aps were
linked to act together like an aircraft elevator. So there is a total of
four control variables, each describing the de� ection of a pair of
linked control surfaces.

Mathematical Foundation
Following is a mathematical description of the problem to be

solved. Although the form of the equations presented here is not
identical to that presented in Ref. 6, it is mathematically equivalent
and easier to follow. As an introduction to some notation and con-
cepts, a restrained lifting surface is described � rst. Then the more
general case of the unrestrained vehicle, which applies to the anal-
yses reported in this paper, is discussed.A descriptionof the gener-
alized aerodynamic force coef� cient matrix (GAF), which appears
in the following development, is given in the Appendix.

Restrained Lifting Surface
The load–displacementrelationfor a discretizedstructureis given

by

± D K¡1P (1)
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where P can be considered to be composed of initial aerodynamic
loads, resulting perhaps from an initial angle of attack, plus addi-
tional loads arising from changes in shape resulting from deforma-
tions:

P D P0 C 1P (2)

Assuming a linear relationship between the deformation and the
additional aerodynamic loads,

1P D NqQ± (3)

Substituting Eq. (3) into Eq. (1),

± D K¡1P0 C NqK¡1Q± (4)

The de� ection vector may be obtained as

± D [I ¡ NqK¡1Q]¡1±0 (5)

The matrix [I¡ NqK¡1Q]¡1 is the aeroelasticde� ectionampli� cation
matrix. It acquires this name because one can see that it ampli� es
(or attenuates) the de� ection that occurs when aeroelastic effects
are ignored. An aeroelastic load ampli� cation matrix may also be
de� ned by premultiplying the de� ection by the structural stiffness
matrix:

P D [I ¡ NqQK¡1]¡1P0 (6)

The aeroelastic load ampli� cation matrix is seen to be [I ¡
NqQK¡1]¡1, which is similar but not identical to the aeroelastic de-
� ection ampli� cation matrix. These aeroelastically ampli� ed (or
attenuated) de� ections or loads can then be used in a structural
loads analysis to determine elemental loads or stresses just as for an
ordinary, nonaeroelasticcase.

Unrestrained Vehicle
The case of an unrestrainedvehicle,12;13 which is the case for the

analyses in this paper, is a good bit more complicated than that of a
restrained lifting surface for several reasons.One is the fact that the
load–de� ection relation involves the free-body � exibility matrix.
The de� ection under load of an unrestrained structure cannot be
found simply by inverting the stiffness matrix because the stiffness
matrix is singular. A second complication arises from the need to
consider details of the � ight condition.

The load–de� ection relation for the unrestrained structure is

± D a f P (7)

where a f is given by

a f D RaresRT (8)

where ares is the inverse of the restrained structure stiffness ma-
trix, augmented by rows and columns of zeros correspondingto the
restrained DOF. The term R is given by R D I ¡ 8r M¡1

r 8T
r M.

The term 8r is de� ned by unit displacements and rotations at the
restraint points, and Mr is given by Mr D 8T

r M8T
r .

The term P is composed of initial, rigid vehicle loads such as
propulsive loads and initial aerodynamic loads resulting from some
initial vehicle camber, attitude, angular rates, estimated control de-
� ections, and the like as well as incremental loads. Preferably, the
initial aerodynamic loads are determined through means more so-
phisticatedand comprehensivethan the lifting surface theoriesused
in aeroelastic modeling. The incremental loads result from defor-
mation of the structure, incremental changes in control surfaces,
vehicle attitude, and body angular rates, as well as possibly propul-
sive changes such as thrust vectoring.The load vector may then be
written as

P D P0 C 1Pprop C NqQ± C NqQt 1vt C NqQ!1! (9)

where 1Pprop is the incremental propulsive load vector (if applica-
ble), Qt is a matrix of GAFs for the trim variables, and Q! is the
matrix of GAFs corresponding to the body angular rates.

UsingEq. (9) in Eq. (7) andsolvingfor thenodalde� ectionvector,

± D A¡1a f P0 C A¡1a f 1Pprop C NqA¡1a f Qt 1vt C NqA¡1a f Q!1!

(10)

where A¡1 D [I ¡ Nqa f Q]¡1 . Note its similarity to the aeroelasticde-
� ection ampli� cation matrix for the restrained lifting surface. Sub-
stituting Eq. (10) into Eq. (9),

P D BP0 C NqBQt 1vt C NqBQ!1! C B1Pprop (11)

where B D [I ¡ NqQa f ]¡1 has a form similar to that of its restrained
counterpart. Equation (11) gives the external loads acting on the
vehicle. These loads include aeroelastic effects. To complete the
picture, the trim variables and angular velocities need to be deter-
mined. To do this, the six-DOF equations of motion (EOM) for the
overall vehicle are considered.

Six-DOF Quasisteady Equations of Motion
The six-DOF quasisteadyequationsof motion of the vehiclemay

be written as

Fext D Fprop C Faero D Mr 2g C Mr Pv C QÄMr v D ¡FB (12)

The vectors F are the propulsive and aerodynamic resultant loads
vectors. The right-hand side is seen to contain the gravity and cen-
trifugal terms and the angular acceleration terms—the body forces.
The vector 2 is

2 D

sin µ

¡cos µ sin Á

¡cos µ cosÁ

03 £ 1

The matrix QÄ is

QÄ D
Q! 0

0 Q!

where

Q! D
0 ¡r q

r 0 ¡p

¡q p 0

and where the vector v contains the vehicle rates in body axis coor-
dinates:

v D [V cos® cos¯ V sin ¯ V sin ® cos ¯ p q r ]T

In the case of small angles and trimmed � ight or a speci� ed mild
maneuver, but allowing for accelerations, the EOM becomes

Fext D Fprop C Faero D ¡gMr N D ¡FB (13)

where a load factor vector is de� ned as

N D

sin µ

¡cos µ sin Á

¡cos µ cos Á

03 £ 1

C

0

Vr=g

¡V q=g

03 £ 1

C

03 £ 1

Pp=g

Pq=g

Pr=g

D

nx

ny

nz

Pp=g

Pq=g

Pr=g
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The external force resultants can be expressed in terms of load
factors de� ned in the � ight mechanics coordinate system:

¡gMr N D 8T
r BP0 C Nq8T

r BQt 1vt C Nq8T
r BQ!1! C 8T

r B1Pprop

(14)

Aerodynamic force and moment coef� cient derivativeswith respect
to aerodynamicangles, control surface de� ections, and angular ve-
locity components (the stability and control derivatives) are con-
tained within the terms 8T

r BQt and 8T
r BQ! . The presence of the

aeroelastic load ampli� cation matrix B makes these “� ex” values.
Note that, if dynamic pressure is set to zero, B becomes an identity
matrix and the stability and control derivativesbecome rigid values.
To actually obtain the derivatives, we need to appropriately nondi-
mensionalize pertinent terms, i.e., using reference chord, span, and
area.

Equation (14) forms the core of the static aeroelastic problem.
The list of potential solution variables is as follows: three load fac-
tors, three angular accelerations, three angular velocities, two aero-
dynamic trim angles (angle of attack and sideslip; note that these,
along with the � ight speed, are equivalent to the components of
velocity in the body axis frame), and control surface de� ections.
Thus there are a total of 11 variables plus the number of control
surfaces. Strictly speaking, there are only six unknown variables
because there are only six equations of equilibrium, and so certain
of these variables must be speci� ed according to the desired � ight
condition to be analyzed. Pitch and bank angles are generally ob-
tainable through relationshipsbetween the aerodynamicangles, the
� ight-path angle, and the load factors for a known � ight condition.

Suppose, then, that the vector N is speci� ed as are the angular
velocities. From Eq. (14) the trim variable perturbations may be
obtained as

1vt D ¡.1= Nq/ 8T
r BQt

¡1

£ gMr N C 8T
r BP0 C Nq8T

r BQ!1! C 8T
r B1Pprop (15)

One could obtain a similar expression for the case in which the trim
variablesare speci� ed, and the resultant motion is solved for. Actu-
ally, a number of combinationsof speci� ed and unknown variables
are possible. In this development, certain classes of variables have
been isolated and collective symbols have been ascribed to them
(such as vector symbols for the angular rates, trim variables, etc.).
Within a computer program, logic may be written to partition the
matrix equations according to what is speci� ed or unknown, just
as is done in the load-de� ection solution for a restrained structure.
Mathematically, there is no real difference.For example, expanding
N in Eq. (14) into its initial value and the perturbation,

¡gMr N0 ¡ gMr 1N

D 8T
r BP0 C 8T

r B1Pprop C Nq8T
r BQt 1vt C Nq8T

r BQ!1!

Because

¡gMr N0 D 8T
r BP0

these terms may be eliminated from the precedingequation, leaving
the perturbation terms only. The right-hand-sideperturbationsmay
be placed into a collective vector 1X, resulting in

1N D E1X (16)

Note that E is not, in general, a square matrix. Of the six elementsof
1N, suppose n · 6 are speci� ed. Thus n of the entries in 1X may
be unspeci�ed so that there are only six unknowns. Then Eq. (16)
may be partitioned according to the speci� ed .s/ and unspeci� ed
.u/ quantities

1Ns

1Nu
D

Esu Ess

Euu Eus

1Xu

1Xs
(17)

Note that Esu is a square matrix. If n D 0, Eq. (17) gives all of the
unknown 1N components. If n 6D 0, then 1Xu may be obtained as

1Xu D E¡1
su 1Ns ¡ E¡1

su Ess1Xs (18a)

and then

1Nu D Euu1Xu C Eus1Xs

D EuuE¡1
su 1Ns C Eus ¡ EuuE¡1

su Ess 1Xs (18b)

Finally, however, once the solution is obtained, internal structural
loads may be found using the total load vector given by Eq. (11) in
NASTRAN’s static solution.

Solution Strategy: General
The strategy in the present work for calculating the aeroelastic

increments to trim variablesand loads was as follows: The load dis-
tributions determined for the rigid vehicle, including aerodynamic
loads from both aerodynamic angles (angle of attack and sideslip)
and control surface de� ections and propulsive loads, were applied
to the structure as a load set included in the BULK data. The trim
variables were then determined by the solution sequence. Possible
trim variables are angle of attack, sideslip angle, pitch, yaw, roll
rates and accelerations, load factors, and control de� ections. Ex-
cept for the accelerations, these are to be considered as increments
to those preexisting for the rigid vehicle loads. Because there can
be only as many trim variables as there are equilibrium equations,
certain of the aforementioned trim variables need to be � xed on
the TRIM card as appropriate in the de� nition of the � ight condi-
tion. For example,gravityand the desiredaccelerations(becausethe
vehicle is generally accelerating to maximum speed) might be rep-
resented as speci� ed load factors on the TRIM card. Then angular
rates and accelerations might be speci� ed as being those obtained
from the simulations.Thus anglesof attackand sideslipand the con-
trol de� ections are left as trim variables. Or control de� ections and
aerodynamicanglesmay be speci� ed and the resultantaccelerations
solved for.

The question of setting trim variables presents a limitation. Drag
and thrust are included as part of the initial load set, but lifting sur-
face theories do not allow the determination of aeroelastic effects
on drag in any direct way. Thus the longitudinal load factor cannot
be speci� ed. Any attempt to solve for trim variables that would pro-
duce a desired longitudinal load factor will be problematic because
none of the trim variablescan have any effect. Thus the longitudinal
load factor must remain an unknown to be determined.The remain-
ing motion variables (accelerationsand angular velocities) can then
be matched to those obtained from the simulations and one trim
variable speci� ed. Then the actual required trim variables can be
obtained.

Like the accelerations,the internal loads produced in the analysis
are total because the rigid loads are included in the solution as a
load set. Also, � exible values of stability and control derivativesare
not incremental. Obtaining an appropriate comparison of the � exi-
ble values to the rigid values of these derivativescan be tricky. One
option is to simply compute � ex-to-rigid ratios using the rigid and
� exible values that are producedby the solution sequence.The � ex-
to-rigid ratio is acceptable for most derivatives. However, it is not
always desirable for the pitching moment derivativeCm® , for which
the lifting surface models are good for incremental values but not
always good for rigid total values. The inaccuracy arises because
of the limitations in aeroelastic modeling of the rigid contours of
the vehicle and because of the sensitivity of Cm® to the location of
the vehicle’s aerodynamiccenter. A preferredprocedure in this case
is to determine � exible increments from the aeroelastic analyses
(by subtracting the rigid value from the � exible value), add these
increments to preferred rigid values (perhaps obtained by more re-
liable means), and then form the � ex-to-rigid ratios. In the present
study, however, there is no compelling reason to present results as
increments.

Results of Analyses
The � rst load case considered is a relatively mild one because it

was usedfor the initialcheckoutanddebuggingof themodel.Specif-
ically, it correspondsto a time of 44 s into the launch trajectory,with
an angle of attack of ¡2.04 deg, sideslip angle of 0.09 deg (relative
wind slightly from the right), a dynamic pressure of 460.5 psf, and
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Table 1 Selected stability and control derivatives,
Q = 460:5 psf and M = 0:81, load/mass case 1a

Derivative Rigid value Flex-to-rigid ratio

Side force
@CY =@±URV 0.0688 0.673
@CY =@±LRV 0.142 0.771
@CY =@¯ ¡0.551 1.025

Rolling moment
@CMx =@±URV 0.097 0.716
@CMx =@±LRV 0.173 0.794
@CMx =@¯ ¡0.379 1.156

Yawing moment
@CMz =@±URV ¡0.057 0.704
@CMz =@±LRV ¡0.106 0.775
@CMz =@¯ 0.258 1.038

Z force (C down)
@CZ =@® ¡2.04 0.5

Pitching moment
@CMy =@® ¡0.213 ¡0.518

ac.g. at FEM coordinates .x; y; z/ D .359:85; 0:0; 13:78/ in.

Fig. 4 Flight mechanics body axes,
forces, and moments.

a Mach number of 0.81, within the acceptable range for lifting sur-
face theory.14 Initially a rigid analysis was performed (submitting
the aeroelastic analysiswith a very low value of dynamic pressure),
and the static aeroelastic problem was solved for the six accelera-
tions. Results were the same as those from a previousanalysis done
using NASTRAN’s SOL 101, as they should have been.

Table 1 showsa comparisonof rigidvaluesand� ex-to-rigidratios
of selected vehicle stability and control derivatives. The forces and
moment coef� cients are for the usual � ight mechanics body axis
systemdepictedin Fig. 4. The nondimensionalizingparametersused
were as follows: reference area D 231,552 in.2, reference chord D
758:4 in., and reference span D 439:2 in. Note that the reference
span is actually the semispan of the vehicle. From Table 1, it is seen
that all of thecontrolderivativeslistedsuffera reductionas a resultof
staticaeroelasticeffects.This result is to be expectedof trailing-edge
control surfaces on conventional, aft-swept lifting surfaces. Both
the bending and torsionaldeformations serve to reduce the angle of
attack of the lifting surface—so-called aeroelastic washout.15 The
sideslip stability derivatives show an aeroelastic increase, however.
The effect of the large rigid dihedral angle of the canted � ns (nearly
40 deg) is accentuated when the � ns bend upward, making loads
due to sideslip more pronounced.

The normal (Z ) force derivative with respect to angle of attack
displays the expected aeroelasticreduction subsonically.The pitch-
ing moment derivative,however,displaysa disturbingcharacteristic
of shifting from a stable negative value for the rigid vehicle to an
unstable positive value aeroelastically.Although some reduction in
static longitudinalstability is to be expected because of the forward
(and inboard) shiftof thepressuredistributionon themajor aft-swept
liftingsurfacesas they bendupward, this large amount of movement
is surprising. In this particular loads model, the region between the
forebody and the aft body, which is the region between the forward
and aft propellant tanks, is rather � exible. Hence the forebody may
be bending upward signi� cantly under angle-of-attack loads. This
effect might account for the dramatic forward shift of the vehicle’s
effective aerodynamic center.

The same load case was analyzed with all of the conditions the
same exceptfor the Mach number,which was raisedto 1.15—within
acceptable range for lifting surface theory.11 Selected stability and
control derivatives are shown in Table 2. For the rigid vehicle, the
alpha and beta stability derivativesgenerally increase in magnitude

Table 2 Selected stability and control derivatives,
Q = 460:5 psf and M = 1:15, load/mass case 1a

Derivative Rigid value Flex-to-rigid ratio

Side force
@CY =@±URV 0.0551 0.383
@CY =@±LRV 0.127 0.41
@CY =@¯ ¡0.649 0.961

Rolling moment
@CMx =@±URV 0.083 0.433
@CMx =@±LRV 0.165 0.388
@CMx =@¯ ¡0.42 1.06

Yawing moment
@CMz =@±URV ¡0.0496 0.44
@CMz =@±LRV ¡0.106 0.421
@CMz =@¯ 0.344 0.943

Z force (C down)
@CZ =@® ¡2.35 1.096

Pitching moment
@CM y =@® ¡0.31 1.11

ac.g. at FEM coordinates .x ; y; z/ D .359:85; 0:0; 13:78/ in.

because the Mach number is a low supersonic number. Aeroelasti-
cally, reductions in the control derivatives are evident. The reduc-
tions are even more pronounced than for the subsonic case and are
consistent with the rearward shift in pressure distributionon lifting
surfaces in supersonic� ow. These reductionswould tend to exacer-
bate deformation-inducedreductionsin angleof attack on the lifting
surfaces. Whereas the reductions in the side force and yawing mo-
ment due to sideslip are consistent with the increased aeroelastic
washout that is expected for supersonic � ow, the rolling moment
due to the sideslipderivative increasesaeroelastically.However, the
increase is less than it is for the subsonic case, and so this result is
not necessarily inconsistent. With less dihedral one might observe
a reduction in the rolling moment derivative.

The normal force due to angle of attack aeroelastically increases
negatively, as does the pitching moment due to angle of attack. Be-
cause of the rearward shift of the pressure distributionand pressure
increase for supersonic � ow, one expects to see the rigid pitch-
ing moment due to angle of attack increase in magnitude (become
more negative) from that for subsonic � ow. However, the aeroelas-
tic results for both derivativesare puzzling at � rst. The fact that the
vehicle is unrestrainedmay play a part in this result. Contrary to in-
tuition based on restrained structures, static aeroelasticphenomena
of the unrestrained vehicle are not solely driven by aerodynamic
and stiffness characteristics.The inertia relief formulation assumes
that loads, the resultant accelerations, and the deformations caused
by the applied and inertial loads occur simultaneously and instan-
taneously.Thus, deformations induced by inertia loads are present.
An unusualmass distributioncan result in deformationsthat change
vehicle stability derivatives in ways that are counterintuitive and
not explainable solely in terms of the interaction between struc-
tural stiffness and aerodynamics. The principal difference between
these two cases is the change in pressuredistributionresulting from
the change from subsonic to supersonic � ow. For the supersonic
case, the vehicle normal and angular accelerations may be suf� -
ciently different that the deformations resulting from inertial load-
ing change the aeroelasticeffect. In the subsoniccase the de� ections
attributableto aerodynamicloads may be larger than those resulting
from inertial loads with the effect that the normal force derivative
is reduced and the pitching moment derivative increases positively,
whereas in the supersonic case the de� ections attributable to the
inertial loads may be larger, resulting in an increase in the normal
force derivative and in the pitching moment derivative’s becoming
more negative. Whether or not the preceding is the explanation for
the observed behavior of some of the supersonic derivatives is not
known for certainand is dif� cult to determineat this levelof analysis
with such a complex model. The subject is worthy of general study,
however.

Finally, a supersonic load case was also considered.Speci� cally,
it corresponds to a time of 62.5 s into the launch trajectory, with an
angle of attack of C3:22 deg, sideslip angle of ¡2.19 deg, dynamic
pressure of 537.0 psf, and Mach number of 1.3. Selected stability
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Table 3 Selected stability and control derivatives,
Q = 537:0 psf and M = 1:3, load/mass case 2a

Derivative Rigid value Flex-to-rigid ratio

Side force
@CY =@±URV 0.043 0.394
@CY =@±LRV 0.085 0.445
@CY =@¯ ¡0.633 0.949

Rolling moment
@CMx =@±URV 0.063 0.443
@CMx =@±LRV 0.106 0.412
@CMx =@¯ ¡0.406 1.015

Yawing moment
@CMz =@±URV ¡0.038 0.448
@CMz =@±LRV ¡0.068 0.455
@CMz =@¯ 0.371 0.926

Z force (C down)
@CZ =@® ¡2.417 1.09

Pitching moment
@CMy =@® ¡0.329 1.169

ac.g. at FEM coordinates .x; y; z/ D .374:61; 0:0; 13:54/ in.

and control derivativesare given in Table 3. Behavior similar to that
observed in Table 2 is also evident in this case.

Conclusions
An aeroelastic model of an RLV was developed and integrated

with a loads FEM of the vehicle using NASTRAN. Analysis was
performed to assess static aeroelastic effects on loads and stability
and controlderivatives.Althoughnoneof the structuralloads results
are reported in this paper, stability and control derivative results for
two � ight conditions taken from launch simulations are presented.
One case is subsonic, and the other is supersonic. It was found that
static aeroelastic effects can substantiallymodify the aerodynamic
characteristicsof this type of RLV. Such substantialeffects are to be
expected for vehicles that have rather large aerodynamic surfaces
like aircraft.

These preliminary investigations show that static aeroelastic ef-
fects need to be considered,not only in structuralloads calculations,
but also in launch simulations and especially steering program de-
velopment if aerodynamic control surfaces are to be used for ma-
neuvering. It was found that aeroelastic effects on control force and
moment derivatives were generally detrimental. It was also found
that for the subsonic case the pitching moment derivative with re-
spect to angle of attack became positive with aeroelastic effects
included, indicating a trend for loss of static longitudinal stability.
However, for the supersonic case the pitching moment derivative
became more negative aeroelastically.Although a de� nitive expla-
nation for the result cannot be given without further study, the pos-
sibility that it is a nonintuitive but correct result of the inertia relief
effect for unrestrainedvehicles is suggested.

It is recommended that dynamic loads and control analyses and
simulations for RLVs, especially for those with sizable lifting sur-
faces with aerodynamic controls, include aeroelastic effects. Al-
though the present work demonstrated the magnitude of only static
aeroelasticeffects, the potentialfor dynamicaeroelasticinteractions
to create unanticipatedproblems such as dynamic load magnitudes,
control surface saturation, and � utter makes the need for more ex-
tensive modeling even more important.

Appendix: Generalized Aerodynamic Force Coef� cients
This Appendix describes the GAF as it is determined in

NASTRAN. The lifting pressure coef� cients on aerodynamic box
elements of a lifting surface are related to the downwashes on the
box elements of the lifting surface througha matrix of aerodynamic
in� uence coef� cients

D N±a D [AIC]1CP

where D is a substantial derivative matrix that differentiates the
vectorof de� ectionsof theboxelementsgivingthedownwashes.For
unsteadyproblems,D containsboth temporalandspatialderivatives.

The de� ections of the box elementsare related to the structuralnode
de� ections through a spline coef� cient matrix:

N±a D G N±

Solving for the pressure coef� cients, substituting for the box de-
� ections, and multiplying by a matrix of box areas and by dynamic
pressure give the vector of aerodynamic forces acting on the boxes
that result from the structural de� ections:

Pa D Nq[AREAS][AI C]¡1DG N±

The virtual work of the aerodynamic forces acting on the boxes
must equal the virtual work of the aerodynamic forces acting on the
structural nodes:

±W D ± N±T
a Pa D ± N±T P

Thus the nodal forces can be found from the box forces:

P D GT Pa

Substituting for the box forces,

P D NqfGT [AREAS][AI C]¡1DGg N± D NqQ N±

where Q is the generalized aerodynamic force coef� cient matrix.
For the GAFs associated with angular rates, effective shapes can
be supplied to the splining procedure that produce the same down-
wash distribution.For instance, the effective shape for the pitch rate
downwash distribution would be a parabola.
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